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Abstract

It is found that the original ghost fluid method (GFM) as put forth by Fedkiw et al. [J. Comp. Phys. 152 (1999) 457]
does not work consistently and efficiently using isentropic fix when applied to a strong shock impacting on a material
interface. In this work, the causes for such inapplicability of the original GFM are analysed and a modified GFM is
proposed and developed for greater robustness and consistency. Numerical tests also show that the modified GFM has
the property of reduced conservation error and is less problem-related.
© 2003 Elsevier B.V. All rights reserved.

1. Introduction

A relatively dominant difficulty for simulating compressible multi-medium flow is the treatment of
moving material interfaces and their vicinity. In general, there are two basic approaches to treat such
contact discontinuities. The first, front capturing, represents contact discontinuities as steep gradients to be
resolved over a few grid cells. The other approach is front tracking in which contact discontinuities are
treated as internal moving boundaries.

A main advantage for employing front capturing is its relative simplicity and ease of extension to multi-
dimensions. Solvers used to obtain the flow field are normally high-resolution schemes like TVD, ENO and
WENO in order to handle possible shock waves. When such a scheme is employed to solve multi-material
flow, however, numerical inaccuracies and oscillations can occur at the material interfaces. Various tech-
niques have been developed to overcome these difficulties like Larrouturou [20], Karni [18], Abgrall [3],
Jenny at el. [17], Cocchi and Saurel [6] and others. A good summary may be found in [4]. Due to numerical
smearing at the material interface, inaccurate boundary conditions are actually enforced at the moving
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interface; a jump value such as density, viscosity and tangential velocity is therefore non-physically enforced
to be continuous across the said smeared interface [26,27]. Such an implementation can cause non-physical
compression in the interface region during the simulation of incompressible flow. Another disadvantage of
front capturing is the possible inaccuracy of wave interaction occurring at the interface, which is again due
to numerical smearing. For instance, a shock-induced cavitation region may not be faithfully captured in
the simulation of an underwater shock interacting with a free surface. The appearance of cavitation could
affect the pressure loading on a nearby underwater structure [23].

The algorithm developed by Glimm et al. [8] is a good representative of front tracking. In front tracking,
accurate boundary conditions can be imposed at the moving interfaces. Moreover, the non-physical
compression can be relatively easy to avoid in the simulation of incompressible flow. On the other hand, a
front tracking approach is usually quite complex in order to be able to treat large interfacial deformation.
At times reconstruction of the tracked interface is required [19,28]. Another disadvantage arising from the
use of front tracking is the possible numerical instability caused by the presence of extremely small grid
sizes/volumes. To remove such instability, solution redistribution [16,21] or cell merging/splitting [11] has to
be employed. Such additions can further contribute to an already quite complicated extension to multi-
dimensions. Furthermore, a front tracking approach may be non-conservative although maintenance of
conservation is not necessarily important for front tracking once accurate boundary conditions are imposed
at the interface. Recently, efforts have been made on this topic [9]; however, much work has yet to be
carried out for a fully conservative front tracking approach in multi-dimensions.

Recently, efforts also have been made to combine advantages of both front tracking and front capturing
to resolve wave interaction at the gas—water interface [21]. Specifically, detailed treatment of interface
evolution was avoided by employing the level set technique with the proviso that smearing at the interface
was not allowed to ensure accurate shock wave—interface interaction. To treat the wave interaction at the
interface, an implicit characteristic method based on ARPS (approximate Riemann problem solver) was
developed. The extension of this method to multi-dimensions can be achieved via integral conservation laws
or dimension splitting technique. If the dimension splitting method is employed, fairly complex treatment is
required for the situation of interface moving away from a grid line in the direction of sweep [22].

The ghost fluid method (GFM) [13] presented a fairly simple way for the extension to multi-dimensions.
In the GFM, the level set technique is employed to capture the moving interface. A band of 3-5 grid points
as ghost cells is defined in the vicinity of the interface. At the ghost cells, ghost fluid and real fluid co-exist;
the ghost fluid is defined with the pressure and (normal) velocity as for the real fluid and the density is
obtained from isobaric (usually isentropic) fixing technique [12]. The GFM allows calculation in the in-
terface region as if in a single medium domain. Thus, numerical oscillations, which usually occur in a
Eulerian method as applied to multi-medium flow, are generally eliminated. By discarding one side of the
computation at the ghost points with respect to the new interface position obtained via the level set
technique, a sharp contact discontinuity is then maintained. The GFM makes the interface “invisible”
during the computation of flow field such that its extension to multi-dimensions becomes fairly simple.
Henceforth, we call the GFM as enunciated in [13] the original GFM, where the (normal) velocity and
pressure of ghost fluid status are taken from the real fluid.

To apply the GFM to a general discontinuity moving at a speed in the normal direction such as for a
detonation discontinuity [14] or a flame front [24], appropriate Riemann problems in a node by node
fashion have been constructed and solved by implicitly imposing the Rankine—-Hugoniot jump conditions.
If the ghost fluid status is defined as for the original GFM, it was found to be less efficient and harbour
some inaccuracies when applied to the gas—water flow [15]. Fedkiw [15], therefore, proposed a new version
of GFM, which may overcome the difficulty encountered by the original GFM used for the gas—water flow
and also those problems associated with the shock impact on the gas—water interface like Cases 3 and 4 to
be presented in Section 4.3. However, a complete analysis for the new version of GFM is not the intent of
the present study and is left to the future work. In this work, our focus is on analysing the behaviour of the
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original GFM used in the treatment of possible pressure and (normal) velocity discontinuities due to shock
impacting on an interface. Physically, the interface recovers to its normal motion instantly after a shock
impacting. However, it takes a few or many computational steps as necessary to reach this state numeri-
cally. (Here, normal motion means that the pressure and normal velocity are continuous across the in-
terface.) It is usually within these critical steps that numerical errors may accumulate to a degree that even
causes breakdown of computation if no special effort is made. The original GFM has been shown to work
well for shock tube problems and even a not-very-strong shock impacting on an interface. Such a GFM,
however, does not work very efficiently in the application to a strong shock wave impacting on an interface
(see Section 2.1). In such a situation, the pressure, velocity and entropy at the interface may experience a
sudden jump; the sudden jump of pressure, velocity and entropy across the interface implies that the real
fluid pressure and velocity may not readily be taken as “reasonably acceptable” ghost fluid pressure and
velocity and thus these have to be predicted separately and correctly before the GFM is applied. Fur-
thermore, the employment of Rankine—Hugoniot conditions only ensures the flow dynamic behaviour at
the interface (contact discontinuity) (i.e., the continuity of pressure and normal velocity). At the moment of
a shock impacting on the interface, a singularity is created at the interface, where the velocity and pressure
are discontinuous. This singularity has to be correctly decomposed simultaneously, while the single util-
isation of the Rankine-Hugoniot conditions is insufficient to fully determine the final interfacial status. In
the singularity decomposition, the material properties play a very important role to determine the final
interfacial dynamic parameters and entropy. Thus, the influence of material properties and wave interaction
has to be taken into account in the construction of the ghost fluid status in such a situation. The motivation
of the present work is to analyse fully the plausible causes for the inapplicability of the original GFM in
such situations, and thereafter to propose a modified GFM to overcome the difficulties described above and
yet lead to reasonably valid results. It was discussed in [13] that the isentropic fix, which is physically more
natural, is not favourable for the water medium; the internal energy fix was suggested and used for water. It
is the intent of this work to seek improvement to the GFM to work consistently for a given condition of
isentropic fix, irrespective of the medium like gas or water and hence become less problem-related.

The text is arranged as follows. In Section 2, we will first provide some examples, where the original
GFM gives rise to inaccurate results in the employment of isentropic fixing. Next, an analysis of the in-
ability of the original GFM to provide accurate results for a strong shock impacting on an interface is
given. In Section 3, a proposed modification to the original GFM is developed to overcome these diffi-
culties. The conservation error is also discussed for both the original and modified GFMs. In Section 4,
various challenging tests are carried out employing the original and modified GFMs for comparisons and
further discussions. The problems relating to shock refraction as studied in this section are fairly non-trivial
and may also be used to evaluate the robustness of other numerical methods for compressible multi-me-
dium flow. Finally, a brief summary is given in Section 5.

2. The original GFM on shock refraction
A 1D analysis is given to provide some insight as to why the original GFM does not work efficiently
using isentropic fix in certain situations. The 1D Euler equation can be written as

6_U+6F(U)
ot Ox

=0, (2.1)

where U = [p, pu, E|", F(U) = [pu, pu® + p, (E + p)u]", p is the density, u is the velocity, p is the pressure
and E is the total energy. The total energy is given as

E = pe + pu*/2, (2.2)
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where e is the specific internal energy. For closure of system, the equation of state (EOS) is required. We
assume that the EOS used in this work has the form, which is equivalent to the Mie-Gruneison family of
equations of state

pe = f(p)p+g(p). (2.3)

Here, f and g are functions of density and some constants associated with heat conductivity. In this work,
we shall focus on three types of EOS. The first one is the y-law for perfect gases, where f = 1/(y — 1) and
g = 0.0. The second one is the Tait’s EOS for water, which has the form of p = B[p/p,]" — B + 4, where
N =7.15,4=1.0x 10° Pa, B = 3.31 x 10® Pa and p, = 1000.0 kg/m?. The Tait’s EOS can also be written
in the form of (2.3) with f =1/(N —1) and g =N(B —4)/(N — 1). The third one is the JWL EOS for
explosives. Details of these three types of EOS can be found in [13].

Next, we shall provide some 1D examples, where the original GFM does not work too well. Let us
consider a shock wave impacting on an interface from medium 2 (see Fig. 1). We assume that the pressure
and velocity of both media to be constant and equal initially, and denoted by p; and u; respectively. The
governing equation is Eq. (2.1) with the initial conditions given as

Us,  x < s,
U|t:0 = U()z, Xos < x < X, (24)
U017 X > Xo,

where U, is the status behind the incident shock and satisfies the Rankine—-Hugoniot conditions of
F(Uy) — F(Uy,) = s4(Uy — Uyy). Here, s4 is the speed of the incident shock. x, and xy are the initial locations
of the interface and incident shock, respectively. Uy, is the flow status ahead of the incident shock and Uy, is
the initial status of medium 1. All parameters appeared are assumed to be non-dimensional unless otherwise
stated. The basic scheme used is MUSCL. Isentropic fixing is employed. The computational domain is
[0.0,1.0] with 201 uniform mesh and CFL is set to be 0.90. It should be mentioned that, in [13], an ENO
solver was utilised which is different from the present MUSCL. As such, there can arise different numerical
accuracy and errors involved. On the other hand, one will note that the analysis and discussion made in
Section 2.3 are independent of the numerical scheme used. It is worth noting that in [13], internal energy
fixing was specifically employed for the water medium instead of isentropic fixing. As it is the intent of the
present work to have a singular condition irrespective of the medium involved, the isentropic fix is also
applied for water medium in the original GFM calculation for comparison to the proposed modified GFM
(Section 3) where isentropic fix is used throughout.

2.1. Some examples on application of the original GFM

Case 1 — strong shock impacting on a gas—gas interface: The strength of the incident shock is
ps/p1 = 100.0. Other initial flow parameters are p; = 1.0, py, = 1.0, p,; = 0.1, u; = 0.0, 7y, = 1.6667,
7, = 1.4. The parameters behind the incident shock wave can be obtained via the shock relationship. The
interface is initially located at x, = 0.4 while the initial position of the incident shock is at xos = 0.3. After
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Fig. 1. (a) Before shock refraction. (b) After shock refraction.
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200 time steps of computation, results obtained with the MUSCL-based original GFM are compared to the
analytical solution and shown in Figs. 2(a)—(d) for the respective velocity, pressure, density and entropy. It
is clear that there are discrepancies of both locations of the shock front and interface in comparison to the
analysis. It may also be noted that for the density plot (Fig. 2(c)), the computed density at the higher-level
magnitude indicates discernible discrepancy from the analytical result.

Case 2 — strong shock impacting on a gas—gas interface with critical condition: This is a specially designed
case in which the initial shock strength and material densities are chosen so that the shock refraction
produces no reflected wave at the interface; this is quite equivalent to shock impedance matching. The
choice of these parameters also depends on the EOS used. The strength of the incident shock is maintained
at p4/p; = 100.0. Other initial flow parameters, which are chosen according to the critical condition (2.5¢)
to be shown in Section 2.2, are p; = 1.0, p,, = 0.82369077, p,; = 1.0, uy = 0.0, y, =5/3, y, = 1.2. The
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Fig. 2. (a) Velocity obtained with the original GFM and comparison to the analytical solution for Case 1. (b) Pressure obtained with
the original GFM and comparison to the analytical solution for Case 1. (c) Density obtained with the original GFM and comparison to
the analytical solution for Case 1. (d) Entropy obtained with the original GFM and comparison to the analytical solution for Case 1.
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shock front coincides with the interface initially at xos = xo = 0.2. After 200 time steps of computation,
results obtained with the MUSCL-based original GFM are shown in Figs. 3(a)-(c) for the respective ve-
locity, pressure and density quantities. For this case, there should be no shock refraction at the interface.
However, discernible non-physical hump and trough appear in the numerical results. For the density plot,
there is overprediction by the numerics at the higher quantity. (It shall be shown in Section 2.2 that the non-

physical hump and trough are always inherent in the original GFM.)

Case 3 — shock impacting on a gas—water interface from air: The strength of the incident gas shock is
ps/p1 = 1000.0. Other initial flow parameters are p; = 1.0, py, = 1.0, p,; = 1000.0, u; = 0.0, y, = 1.4. For
this case, a very strong shock is physically reflected back into the air. The MUSCL-based original GFM
breaks down after a few time steps of computation under the employment of isentropic fixing. The internal
energy fixing as suggested in [13] for the water medium is not adopted here as it is the intent to (test
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existing one and) propose new way of constructing the ghost fluid status based on singular condition
(more specifically isentropic fixing) so that the scheme can work efficiently and consistently for various
EOS.

Case 4 — underwater shock impacting on a gas—water interface: The strength of the incident gas shock is
pa/p1 = 1000.0. Other initial flow parameters are p; = 1.0, p,, = 1000.0, py; = 1.0, u; = 0.0, y; = 1.4. For
this case, a very strong rarefaction wave is physically reflected back into the water. This leads to the
pressure at the interface assuming a quantity that is O(100) smaller than the incident shock pressure. The
MUSCL-based original GFM also breaks down after a few time steps of computation under the utilisation
of isentropic fixing.

2.2. Shock wave interacting with material interface

To provide some insight on the difficulties encountered by the original GFM for those problems
mentioned above, one has to analyze the mechanism of shock refraction at the material interface. When
an incident shock wave enters from one medium into another, wave refraction occurs at the fluid in-
terface. The incident shock is partly transmitted into the second medium and partly reflected at the fluid
interface. The transmitted wave is a shock wave while the reflection may be a shock or rarefaction wave
depending on medium properties, shock strength and the angle of incidence (for multidimensions).
Detailed discussion on a shock interacting with a gas—gas interface can be found in [1,2]. As for an
incident shock impacting on a gas—water interface, one may refer to Grove and Menikoff [10] and Liu
et al. [22].

Without further details/proofs, we shall briefly list some of the important conclusions reached for the
shock refraction at an interface below. Here we assume that the incident shock wave with a constant
strength is traveling from medium 2 on the left towards medium 1 on the right separated by a fluid interface
(see Fig. 1(a)). The interaction of the incident shock with the interface results in the transmission and
reflection of the incident shock (Fig. 1(b)).

For shock wave refraction at a gas—gas interface, it can be shown the following statement holds.

Conclusion 1: For an incident shock wave (of constant strength) impacting on a (still) gas—gas interface,
the reflected wave is a shock wave if inequality (2.5a) is satisfied, while it is a rarefaction wave if inequality
(2.5b) is valid [7]. The incident shock goes through the interface without refraction if critical condition
(2.5¢) is held.

(71 = Dpor S 1+ tops/p1

, 2.5a
(2= Dpoa = 1+1ps/p1 ( )
(71 = Dpos < 1+ ©ps/p1 ’ (2.5b)
(2= Dpoa 1+ 11ps/p1

(1 = Dpor _ 1+ wps/pr (2.5¢)

(ra—Dpu  1+ups/pr

The pressure at the interface after shock refraction can be obtained from the following equation if the
reflected wave is a shock wave [22]:

]
[Bopr _pafpi =V (B /=L B pafpa— 1 (2.6a)
Poz /1 + 1ops/pi Por /1 +1p/pi P4 \/1+T2P2/P4’

while it can be solved from
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Py pa/pr — 1 _ Bt p/p—1 N 2¢4 (lﬁ>(”/z—l)/2}’z » (26b)
Poz /1 + 1ops/pi Por J1+tup/pr 72— 1| \ps
if the reflected wave is a rarefaction wave, where
y+1 Yo+ 1 2 2
= = = = 2.6
T1 '))1*1’ T2 "/2*17 ﬁl '))1*1’ ﬁZ 'szl ( C)

Here, y, and y, are the ratio of specific heats for the gas medium, p; and u; are the pressure and
velocity in the “ith” region (Fig. 1(b)), and p, and py, are the initial gas densities before the shock
impacts on the interface. p, is the density behind the incident shock. One solves for (2.6a) or (2.6b) for
interface pressure p,; exact solution can be obtained for shock refraction at a gas—gas interface for such
1D flow.

For 1D-shock refraction at a gas—water interface, we have the following conclusions.

Conclusion 2: Shock refraction always occurs at a gas—water interface when a shock impacts on it. The
reflected wave is always a shock wave if the shock impacts on the gas—water interface from a gas side, while
it is always a rarefaction wave for an underwater shock interacting with the gas—water interface (free
surface) [22].

The pressure at the interface can be obtained by solving the equation:

[Bopr pa/pr—1 [P Baps p3/ps — 1 (2.7)
P2 /1 4+ t1aps/p1 Pow P4 \/1+1p3/ps
valid for a gas shock impacting on a free surface, while it can be obtained by solving
— — —-1/N B o\ V=1))2n
[P o p _ (B _pa/pr 1 2 | (P3 1 (2.7b)
Pow V P Poi /1 +up/pp N—=1(\ps

for an underwater shock interacting with a free surface. Here, p,,, is the initial water density. (Hereafter, the
subscript “w’” indicates a parameter in water.) Again, once the pressure at the interface is obtained after the
shock refraction, exact solution can be obtained for such 1D flow.

Note that the above two conclusions form the basis for analysing the working of the original GFM.
These conclusions are actually the results of computing the parameter range where the Riemann wave
(reflected wave) curves for the gamma law (applicable to the gas medium) and Tait’s EOS (applicable to the
water medium) to produce the relative wave diagrams.

2.3. The original GFM for shock impacting on an interface

Now, we examine the satisfying of conditions (2.5a)—(2.5¢) with respect to the applications of the original
GFM (see Fig. 1) under the utilisation of isentropic fixing. The interface is assumed located between points i
and i+ 1, and the location of the incident shock coincides initially with the interface location at x
Physically, it is reckoned that the interface recovers to its normal motion instantly after a shock impacting.
However, it takes a few or as many computational steps as necessary to reach this state numerically. It is
within the first few steps that numerical errors can cause inaccuracy. In the first few steps, regardless of the
numerical scheme used, an algorithm based on the original GFM essentially consists of solving two sep-
arate Riemann problems in the two respective single media with one-sided ghost fluid. One is in medium 2
with the initial conditions of
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_ U47 x < Xo,
U|t:0 - { Ugl’ X > X, (2.821)

and it solves from the grid point 1 on the left-end to the ghost point, say, i + 1. The other is in medium 1
with the initial conditions of

_J Uy, x <xo,
Ulo = { U x>0, (2.8b)

Cixkod

and it solves from the ghost point, say, i to the end point on the right. Here,
thus energy have been replaced by the ghost fluid density and energy.
In the original GFM, the respective ghost fluid densities based on isentropic fixing should be

P = palpr /)™, (2.9a)

indicates the density and

Py = 901(1’4/P1>1/ﬁ~ (2.9b)

For a single gas medium, we can draw the following conclusions from conditions (2.5a)—(2.5¢c).

Conclusion 3: For a shock impacting on a contact discontinuity in a single gas medium, there is no shock
refraction, shock refraction with a reflected shock, or shock refraction with a reflected rarefaction wave if
Po1/Pe> = 1 (i.e., no longer any contact discontinuity), py,/pg, > 1 or py/pe. < 11is held, respectively. These
conditions are also, respectively, true for an underwater shock impacting on a contact discontinuity in a
single water medium.

The above conclusion implies that an incident shock wave always experiences shock refraction when it
impacts on a contact discontinuity in single medium flow, while it may not be so in multi-medium flow. The
reflection is a shock (rarefaction) wave if the incident shock impacts on an interface from the lower (higher)
density side in single medium flow, while it may not be so in multi-medium flow.

The (so-called GFM) Riemann problem of (2.8a) is a shock refraction at a contact discontinuity, while
the second (GFM) Riemann problem of (2.8b) is general, as the jump conditions no longer hold for the
ghost fluid. It can be easily shown that

* 1/72 1/7,
pm—“(’”) _bpth <pl) <1 (2.10)
P2 P2 \ P4 Top1 + Pa \ P4

for any ps > p;. In fact, we have following conclusions for these two Riemann problems.

Conclusion 4: For a shock impacting on a gas—gas interface, Riemann problem (2.8a) is a shock wave
refracting at a contact discontinuity with a reflected rarefaction wave and a transmitted shock propagating
in the low-pressure (ghost fluid) region. Riemann problem (2.8b) has a shock or rarefaction wave in the
high-pressure (ghost fluid) region with a shock propagating in the low-pressure region; if condition (2.5a) is
held, a shock wave is in the high-pressure region, while a rarefaction wave is in the high-pressure region if
condition (2.5b) is satisfied.

The above statement in Conclusion 4 for Riemann problem (2.8b) can be easily verified by assuming a
shock or rarefaction wave in the high-pressure region. For the shock refraction with a reflected shock,
Riemann problem (2.8a) obtains a pressure magnitude at the interface lower than that for the incident
shock, while Riemann problem (2.8b) provides a pressure quantity higher than that for the incident shock.
Thus, Riemann problem (2.8a) works in conjunction with (2.8b) in a conflicting manner at the interface
region. Moreover, condition (2.5a) is violated by Riemann problem (2.8a) due to inequality (2.10). Con-
sequently, numerical errors are inevitably involved in the earlier time of computation. Correct magnitude of
pressure and velocity, however, may still be expected subsequently due to the imposition of pressure and
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velocity continuity; the second Riemann problem (2.8b) ensures an increase of pressure, and the pressure at
the interface is generally of the same order as that of the incident shock for a gas medium. (This is due to the
small difference of y among gases.) On the other hand, the conflicting behaviour of the two Riemann
problems results in requiring additional time steps taken to reach the correct magnitude of pressure and
velocity at the interface. If the number of time steps needed to reach the correct magnitude is very few (or
not excessive), acceptable results can still be expected. This usually occurs for a less strong incident shock.
In fact, when on monitoring closely the change of pressure at the interface, we found that the pressure
increased incrementally from the strength of incident shock to the correct magnitude in about 10-20 steps
for a milder incident shock strength and even up to 50 steps for a very strong incident shock. Therefore, the
shock and interface speed cannot assume the correct value in the earlier stage. A discrepancy of shock front
and interface location may, thus, be expected to be associated with the numerical solution. Due to the non-
availability of reasonable isobaric value and thus the imposition of an “incorrect” isobaric value for such
situations, entropy (and thus density) in the interface region may also be not correct.

Conclusion 4 also states that Riemann problems, (2.8a) and (2.8b), work in the similar manner at the
interface if the reflected wave is a rarefaction wave. Condition (2.5b) is also maintained by the algorithm
based on the original GFM under such a situation. Due to small difference of y for gases, the difference of
pressure and velocity provided by the two Riemann problems is relatively not very large and the correct
magnitude of pressure and velocity at the interface usually can be reached in a few time steps. Therefore,
acceptable results can still be expected. On the other hand, due to the non-availability of reasonable iso-
baric value for the transmitted shock wave in the interface region, errors are still introduced during the
earlier stage. These errors are transferred to the reflected wave through the imposition of boundary con-
ditions. It is shown in Section 4 that a slightly widened fan may be obtained for the reflected rarefaction
wave and a slight discrepancy of shock location can also occur to the transmitted shock wave when the
incident shock becomes very strong. For shock tube (-like) problems, the two Riemann problems work
consistently; therefore, it is not surprising that acceptable results can be obtained using the original GFM.

Conclusion 4 further implies that for a shock impacting on an interface under the critical condition as in
Case 4, the transmitted shock may be captured correctly via the algorithm based on the original GFM. On
the other hand, according to inequality (2.10), the critical condition of (2.5¢) cannot be maintained/en-
forced by the algorithm based on the original GFM for the multi-medium gaseous flow. In fact, a non-
physical shock refraction always occurs at the interface in such a situation during the application of the
original GFM. A reflected (non-physical) trough or hump always appears in the numerical solution as
shown in Figs. 3(a)—(c).

For a gas shock wave impinging on a gas—water interface, it is easy to verify that inequality (2.10) is still
valid. The following conclusion, thus, can be made for the above two Riemann problems. (Now (2.8b) is a
Riemann problem in the water.)

Conclusion 5: For a shock impacting on a gas-water interface from a gas medium, Riemann problem
(2.8a) is a gas shock wave refracting at a contact discontinuity with reflected rarefaction wave and a
transmitted shock propagating in the low-pressure (ghost fluid) region. Riemann problem (2.8b) consists of
two (underwater) shock waves in the respective high (ghost fluid) and low-pressure regions.

Again, the two Riemann problems work in a conflicting manner at the interface. As water is less
compressible, physically, a relatively very strong reflected shock wave is generated. This leads to a relatively
very large jump of pressure and velocity at the interface. For the previous case of a shock impacting on a
gas—gas interface with a reflected shock, interface pressure can recover incrementally to the correct mag-
nitude, since also the magnitude is generally of the same order as the incident shock pressure and, more
importantly, gases possess similar material properties. On the other hand, the sudden large jump occurring
at the gas—water interface is relatively difficult to obtain via the two Riemann problems (2.8a) and (2.8b) in
a few time steps. Moreover, the errors caused by the incompatibility of (2.8a) and (2.8b) at the interface can
be amplified by the stiff Tait EOS in the water. As a result, the algorithm based on the original GFM can
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Table 1
The pressure and velocity at the interface for various incident shock strengths for shock impacting on a gas—water interface from air
palpl(= p4l) Pressure Velocity
Exact RP1 RP2 Exact RP1 RP2
10.00 491E+01 8.74E + 00 2.85E+01 9.85E-03 2.76E + 00 5.64E - 03
100.00 7.36E +02 3.94E +01 3.27E+02 1.43E-01 1.21E+01 6.52E-02
1000.00 7.51E+03 1.24E+02 3.32E+03 1.07E + 00 4.86E +01 5.44E-01

provide inaccurate results in such a situation if isentropic fixing is employed. Table 1 shows the expected
pressure and velocity at the interface for the two Riemann problems for comparison to the exact solution.
Other initial non-dimensional parameters for the results shown in Table 1 are py, = 1.0, p,, = 1000.0,
u; = 0.0 and p; = 1.0. In this table, p41 is the ratio of incident shock pressure p, to p;, RP1 and RP2 stand
for Riemann problems, (2.8a) and (2.8b), respectively. From Table 1, it can be observed that the pressure
and velocity obtained by RP1 and RP2 at the interface are far away from the correct values.

Conversely, for an underwater shock impinging on a gas—water interface, we have

pOZW _ pOZw _ 1 (211)

Potw P4(I51/I74)1/N

Thus, we have

Conclusion 6: For a shock impacting on a gas—water interface from water, Riemann problem (2.8a) is an
underwater shock (the incident shock) passing through the interface location without shock refraction.
Riemann problem (2.8b) consists of a rarefaction wave and a shock wave in the respective high (ghost fluid)
and low-pressure regions.

In such a case, physically, a very strong rarefaction wave is reflected back into the water. This leads to a
relatively very large sudden decrease of pressure at the interface and relatively very weak disturbance wave
(transmitted shock) propagating in the gaseous medium. The pressure at the interface decreases via the
gaseous Riemann problem (2.8b) in the earlier stage of computation according to the implementation of the
original GFM. As mentioned, the pressure magnitude at the interface is generally of the same order as the
incident shock pressure. Such a large decrease again cannot be obtained through the two single medium
Riemann problems, (2.8a) and (2.8b), in a few time steps. As a result, the algorithm based on the original
GFM can provide inaccurate solution under the employment of isentropic fixing. Table 2 shows the
pressure and velocity at the interface for the two Riemann problems for comparison to the exact solution.
(Other initial non-dimensional parameters for the results shown in Table 2 are p, = 1.0, p,, = 1000.0,
u = 0.0 and P = 10)

Because the algorithm based on the original GFM obtains solution essentially via computation in a
single medium, the solution is somewhat related to shock refraction in a single medium. Acceptable results
may thus be expected if both media possess similar properties, as analysed above. On the other hand, for
shock refraction at an interface separating two media with distinctly different properties, such an algorithm

iﬁ:l;rgssure and velocity at the interface for various incident shock strengths for shock impacting on a gas-water interface from water
palpl(= p4l) Pressure Velocity
Exact RP1 RP2 Exact RP1 RP2
10.00 1.0044 10.00 3.43E+00 3.70E-03 3.70E-03 1.17E+00
100.00 1.0487 100.00 1.25E+01 4.03E-02 4.03E-02 2.95E+00

1000.00 1.5448 1000.00 4.40E + 01 3.80E-01 3.80E-01 5.90E + 00
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may not be able to provide reasonably accurate shock refraction; these are actually shock refraction ob-
tained in a single-medium flow. It should be noted that medium properties play a very important role in
determining the refraction pattern and interfacial conditions. Consequently, in order to employ the GFM,
reasonable isobaric value and ghost fluid pressure and velocity, which are taken from the real fluid in the
original GFM, have to be predicted having taken into consideration shock refraction during the shock
impacting. This leads to the suggestion of a modified GFM as proposed below.

3. A modified GFM

As analysed above, if one wants to utilise and preserve the simplicity of the GFM, the ghost fluid status
and isobaric value have to be evaluated correctly having taken into account shock—interface interaction. We
can look for possible solution from the characteristic relationship and shock jump conditions. The fol-
lowing modification to be presented is an extension of the implicit characteristic method discussed in [21].
Overall, the proposed scheme is much simpler but still able to take into consideration the interaction of
shock with the interface correctly.

3.1. Prediction of ghost fluid status

The two nonlinear characteristics intersecting at the interface for system (2.1) are given as

dp du dx
ditl + pILCILditl = 07 along a = uy + cyL, (313)
dp du dx
E — PIRCIR d_tI = 0, along a = Uy — CIR, (31b>

where p; (pr) and ¢y (cr) are the density and speed of sound to the left (right) of interface; u; and p; are
the velocity and pressure at the interface. Discretising (3.1a) and (3.1b) at the interface, we obtain

Foa =) =0, (3:22)
Pr — PR

_ _ — 2
,[’[RéIR (141 uIR) 07 (3 b)

where p;; ¢i. and prér are the respective approximation of p; ¢y and prer. up (ur) and pp (pr) can be
evaluated along the characteristic line of dx/dt = uj + ¢y (dx/d¢ = u; — ¢jr). To apply (3.2a) and (3.2b) to a
shock impacting on an interface, p;; ¢, and préir have to be specially approximated to take into account
the shock-interface interaction. As analysed above, a reflected shock is not correctly treated by the algo-
rithm based on the original GFM. In such a situation, we have

PL—po

T (g —up) =0, (3.3a)
PUZPR (4 — ug) = 0, (3.3b)
MR
W2 = ppy - (3.3¢)

pr—pL’
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2 R PL—PR
Wg = prer o — pa (3.3d)
arising from the use of mass and momentum jump conditions for the respective transmitted and reflected
shock. Here subscript “L”” and “R” indicate the status behind the incident shock (or status ahead of the
reflected shock) and the status ahead of the transmitted shock, respectively. It is easily shown that (3.3a)
and (3.3b) approximate (3.2a) and (3.2b), respectively, when p; approaches p; and pr. Thus (3.3a)—(3.3d)
approximates the characteristic system (3.1a), (3.1b) when the pressure and velocity are continuous across
the interface. We use W, and Wy to approximate p; ¢ and prer; (3.32) and (3.3b) are employed to predict
the interface condition. Specifically, for an interface located between grid i and i + 1 at time ¢t = ", we use
the following equations to predict the interface condition (and thus the associated isobaric value) for
evaluating at the next time step of ¢t = /"*!:

p ;Vé);’_l b)) =0, (3.4a)
PP (=) =0 (3.4)
W = plor ;)IIL:—IZ;:II, (3.4c)
W = pp% (3.44)

For closure of (3.4a) and (3.4b), the relationship of density and pressure must be provided. For a general
EOS of (2.3), the energy jump condition can provide the relationship of density and pressure:

o= 2 (o) + 1o + g2(pF) = 0.5(p — pl.y) .
: (1) + Uply + &2(pfy) +0.5(1 — P y) o

(3.4e)

= VD) +1m+a(ef) — 05 —ps) (3.4)

1 (ph2) + 1Py + &1 (Pfa) +0.5(p1 — 1) i
Egs. (3.4e) or (3.4f) is replaced by Tait’s equation if medium 2 or medium 1 is water. System (3.4a)—(3.4f)
has to be solved via iteration. System (3.4a)—(3.4f) is a two-shock approximation to the Riemann problem
at the interface. It provides the exact solution when a shock wave is reflected and has been shown in [21] to
work very well for gas—gas or gas—water flow. It should be noted that the assumption of a rarefaction wave
in the high-pressure region in a Riemann problem solver leads to wrong solution for a shock refracting with
a reflected shock.

Next, we summarise the algorithm based on the modified GFM. Assume that we are solving for the flow
in medium 2 (see Fig. 5 for reference, also take note of Fig. 4 for the difference between the modified GFM
and the original GFM). One solves system (3.4a)—(3.4f) for prediction of the condition at the interface.
Then one uses the predicted pressure and velocity as those for the ghost fluid at the ghost point i + 1. The
ghost fluid pressure and velocity at the ghost point i+ 2 can be those for the real fluid or predicted.
Choosing either has no significant difference for the final results. In the present computation, the former is
used. One then employs the predicted isobaric value (entropy) for medium 2 at the interface to fix the real
fluid density at point i to suppress the possible “overheating’ and also to assign density for the ghost fluid.
This is done by solving
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p—pressure Medium 1
u—velocity Fluid 1
s-—entropy Interface
i+l i+2 i+3
Medium 2
Fluid 2 ®
p|lu
K
i-2 i-1 i
Ghost cells

Fig. 4. Isobaric fixing for the ghost fluid method.

u—velocity at interface
pr—pressure at interface
p]"—dcnsity on left-side interface

pi*—density on right-side interface

Interface

U p i+1 i+2
L AR
i P P ot L Medium 1
Medium 2 U pr P

p.u

i-1 i
Ghost cells

Fig. 5. Isentropic fixing for the modified ghost fluid method.

j—; =c? (3.5a)

for the Mie-Gruneison EOS of (2.3) with the initial condition of p(p;) = pf as applied to the respective p’,
prand p? ;. Here, c is the speed of sound related to EOS (2.3) for medium 2 and can be written as

! /
1
oo fpte (htlp+e (3.5)
! Jap
where /" indicates derivative with respect to density. A similar procedure is used for computation in

medium 1, where the predicted entropy at the interface for medium 1 is employed to do isobaric fixing. The
rest of the procedures are the same as those for the original GFM.

Eq. (3.5a) leads to isobaric fixing with entropy. As found in [13], the isentropic fix, which is physically
more natural, may not work well for gas—water flow using the original GFM. However, it works very well
for the modified GFM. This also makes the present modified GFM less problem-related and more generally
applicable.

Unlike the original GFM, the modified GFM calculates predicted isobaric values and ghost fluid status
based on an approximate Riemann solver. This feature seems to make the modified GFM even more ro-
bust. Although good isobaric value and ghost fluid status can be predicted in the modified GFM, it can be
easily shown that non-physical shock refraction still cannot be avoided for a shock impacting on a gaseous
interface under critical condition. System (3.4a)—(3.4f) ensures accurate interface condition in the first step
of such calculations under the critical situation. Thus (2.5c) is maintained by (2.8a), which also provides the
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correct solution for the real fluid. On the other hand, Riemann problem (2.8b) gives rise to inaccurate
solution for the real fluid. This inaccuracy is subsequently transferred via the imposition of boundary
condition and thus leads to wave refraction at the interface. Unlike the original GFM, where non-physical
shock refraction occurs immediately in the first step, the modified GFM causes a delayed non-physical
refraction, which is expected to be a much weakened one. It is very difficult to ascertain analytically if
conditions (2.5a) and (2.5b) are maintained for the modified GFM, as the predicted ghost fluid status
cannot be expressed explicitly. Numerical results, however, are promising.

The computation for solving system (3.4a)—(3.4f) is cost effective as convergence is very fast even via
bisection iteration. Computation for (3.5a) is minimal as the initial value predicted through system (3.4a)—
(3.4f) is very close to the solution. Only a small subroutine for solving system (3.4a)—(3.4f) needs to be
added to the original GFM code. Once the interface is reckoned to be (nearly) normal motion, this sub-
routine can be switched off. In fact, in such situation, very few iteration steps are needed for convergence.

3.2. Extension to multi-dimensions

Obviously, by using the present technique in the normal direction of the interface, the modified GFM can
be easily implemented for multi-dimensions. Here, we briefly state its extension to multi-dimensions. First,
we define a rectangular computational domain [/jx, k] X [Jix,J2k] X [Kik, Kak] and an identification matrix
Sk for each medium (the Kth medium), where Sk (i, j, k) = 1 if grid point (not grid cell) (i, j, k) is taken by the
Kth medium, otherwise it is set to 0. We carry out the computation for each medium respectively, and
denote the result by Ug'!' after evaluating the ghost points and doing “overheating” fixing within its
computational domain. Then the final solution in the new time step is given by U""! = >~ S#r1Uz+!| where
Sgt ! is the new identification matrix of the Kth medium, which is obtained in advance by the level set
technique. One can define a computational domain for each medium that includes boundary points and grid
points in the interfacial regions associated with this medium within a band of 24 grid points defined by
|¢| < . Here ¢ is the level set distance function and ¢ is set to be about 3 min(Ax, Ay, Az); Ax, Ay and Az are
spatial step sizes in the respective x, y and z directions. The way to define ghost fluid status and the cal-
culation of “overheating” fixing within each computational domain is slightly different from that for 1D
computation. Within the band of |¢| < &, if a grid point, say (i0, jO, k0), is identified to be next to a fluid
interface, we shall define its normal direction, #, via level set function (7 = V¢/|V¢|). Along the normal
direction, we can define a 1D Riemann problem with the initial status at the interface as

(3.6)

Ul,_, = U, at one side of interface,
= U,. at the other side of interface,

where U, and U,, are flow status (in two different media) at the respective spatial location of
¥ =#(i0, j0, k0) = 1.5min(Ax, Ay, Az)#, which are obtained by interpolation and the velocity is projected in
the normal direction. We then solve for (3.6) using (3.4a)—(3.4f) to predict the entropy, pressure and normal
velocity at the interface. If (i0,j0,0) is in real fluid, we fix the density at this point using the predicted
entropy (i.e., solving (3.5a), (3.5b)), otherwise we replace the flow status with the predicted interface
pressure, density and normal velocity; the tangential velocity there is defined in the same way as in [13]. For
those ghost points in the band but not next to the interface, we fix the density using the closest predicted
entropy and keep the pressure and velocity unchanged. There may also be ghost points in the computa-
tional domain but not within the band. For such ghost points, we only need to simply replace the density
using isentropic fix with reference entropy from the real fluid, as computation to such ghost points does not
affect the final result.

Now we briefly summarise the programming procedures for the modified GFM. We assume the flow
variables at ¢t = " are known, and the following steps are taken to obtain quantities at the next time step:
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1. Advance the level set function ¢ to the next time step and update the identification matrix Si*! for each
medium over the total domain.

2. Define the computational domain [/ x, x| X [Jix,J2x] X [Kix, Kox| for each medium.

3. Map the previous flow field in the Kth medium computational domain to the working space; carry out
the “overheating” fix for those points next to the interface in the Kth medium (a real fluid point); replace
with the predicted ghost flow status for those grid points next to the interface but not in the Kth medium
(a ghost point); fix the density with either a predicted entropy or a given reference to other ghost points
inside the computational domain.

4. Use the selected single medium solver to obtain Ug™!' and update U™ = U"+! 4 sertyet! (U™ s ini-
tialised to zero at the beginning.)

5. Repeat steps 3 and 4 from the first medium to the last medium, and then proceed to the next time step
with a new time step size.

3.3. On conservation error

Algorithms based on both the original GFM in [13] and the present modified GFM are non-conser-
vative. The conservation error for the former has been discussed previously at length in [13] and shown not
to be a serious problem for shock tube (-like) problems. For a strong shock impacting on an interface,
however, the MUSCL-based original GFM has been shown to be unable to provide the accurate shock and
interface locations over a reasonably fine mesh as discussed for Case 1 in Section 2.1. This may imply the
presence of not insignificant conservation error giving rise to such a situation for the MUSCL-based
original GFM. Although efforts have been made recently in constructing a conservative GFM-based al-
gorithm [9,25], more work still awaits in implementing an efficient and fully conservative GFM-based
approach for multi-dimensions. In [9], the algorithm is fairly complicated and has yet to be successfully
extended to multi-dimensions. The method in [25] has been implemented in multi-dimensions using a post-
processing step to redistribute the conservation error incurred in the GFM step. Whatever it is, main-
taining conservation may be necessary if shock refraction occurs at the interface. This will lead to the
improvement of results as shown in [25]. Besides the above-mentioned scheme of re-distributing the
conservation errors in the post-processing step, it is reckoned that attention can also be directed at a fully
conservative GFM-based approach and yet efficient in implementation for multi-dimensions. It is not the
intent of this work to propose such a said scheme for analysis and we leave this topic to be addressed fully
in our future work.

In this section, we shall examine the conservation error that occurs in the vicinity of shock impacting on
the interface for both the MUSCL-based original and modified GFMs. Both overall conservation and
conservation for each medium will be evaluated using Eq. (2.1) over the computational domain [xa,xg ]. We
denote RHSL(t), RHSR(¢) and RHST(t) as the conservation errors for the medium on the left/right side of the
interface and over the whole computational domain, respectively, as follows:

1 x;[ﬂ»l X ik

1 / U™ dy — / I U dx+/ (R, — U, — Fy)dt| = RHSL(?), (3.7a)

Ax L XA XA "

1 i XB XB o

= / U dx — / U" dx +/ (Fs — F, +wUy,) dt| = RHSR(1), (3.7b)
L /! o d

1 r XB xB tn+l

2 / Ut dy — / U” dx + / (Fg — Fa) dt| = RHST(¢). (3.7¢)

Ax L 7/ xa YA "
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Here, x; denotes the interface position; F and F are fluxes at x5 and xp, respectively. £, and Fj, are fluxes
at the respective left and right sides of the interface. Theoretically, we have

EL — Up UIL - (07ulapl)T (383)
and
Fi, — mUp, = (0,u1,p1)’", (3.8b)

and the summing of (3.7a) and (3.7b) leads to (3.7c). The conservation property requires that (3.7a),
(3.7b) and thus (3.7c) are always equal to zero. Most of the Eulerian method for multi-medium flow
maintains (3.7c) but not for (3.7a) and (3.7b) due to numerical smearing at the interface. By considering
RHSL(t), RHSR(¢) and RHST(t) at each time step, the conservation errors arising from the numerics
pertinent to the numerical method employed can be evaluated. As analysed above, the algorithm based
on the original GFM obtains solution essentially via computation in the single medium flow and Rie-
mann problems (2.8a) and (2.8b) are unable to provide identical pressure and velocity at the interface
during the shock impacting; the equality between (3.8a) and (3.8b), thus, cannot be maintained in the
computation. Consequently, there is no conservation for the respective medium or over the whole
computation domain, and large conservation error can occur. On the other hand, the modified GFM
with predicted interface status can approximate the correct interfacial pressure and velocity, with the
conservation error for the latter suppressed to some extent. Figs. 6(a)-(c) show the conservation errors
of mass, momentum and energy for both MUSCL-based original and modified GFMs in the first 100
time steps of computation carried out for Case 1 of Section 2.1 starting from the shock impacting.
(Further discussion and detailed results of the modified GFM are given in Section 4.2.) In these figures,
MGFM stands for the modified GFM, “left-medium”™ and “right-medium” indicate the conservation
errors for the respective media on the left and right sides of the interface, “total” indicates the con-
servation error over the whole computational domain. From these figures, it is clear that very large
errors incur for the MUSCL-based original GFM in the first 10 steps for this specific case, while these
are suppressed very well by the MUSCL-based modified GFM. After about 20 time-step computation,
negligible (new) conservation errors are brought into numerical results for both MUSCL-based original
and modified GFMs. This strongly suggests that most of conservation errors occur in the earlier stage of
shock impacting.

4. Applications

Several tests will be implemented for both the original GFM and the modified GFM. For problems
related to shock impacting on an interface, the strength of the incident shock is assumed to be very high.
These problems, which are often encountered in explosions in air or shallow water, are very trying for the
algorithm based on the original GFM. It is surmised that these problems may also be very challenging for
other numerical methods dealing in multi-medium flows. All the computations below are done using second
order MUSCL with CFL = 0.9 for both the original and modified GFMs with 201 uniform mesh points in
domain [0, 1] for 1D calculations unless otherwise noted. Isentropic fixing (3.5a), (3.5b) is employed for
both the original and modified GFMs. The interface is captured using the Level-Set technique as presented
in [21] with re-initialisation. Although the theoretical analysis carried out and conclusions made in the
present work with regard to the original GFM are independent of the numerical scheme used, it may be
noted that the extent and magnitude of numerical accuracy are likely dependent on the actual numerical
solver employed.
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4.1. Shock tube (-like) problems

Three problems will be simulated. These are gas shock tube problem, gas—water shock tube problem and
1D-plane explosion in water. This is to demonstrate that the MUSCL-based modified GFM works well for
those kinds of problems where the MUSCL-based original GFM is also valid. The initial condition is

o UH7 x < Xy,
U|t:0 o { U, x> xp. (41)

Hereafter, subscripts “H” and “L” indicate the initial statuses of the high and low-pressure region, re-
spectively; xo is the initial interface position. Results between the two methods look very similar and
compared well to the analysis; the results of the MUSCL-based original GFM are not depicted here.
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Gas-shock tube problem (problem 1): The initial flow parameters on both sides of the interface are
pu = 10.0, p. = 1.0, py =2.0, p. = 1.0, uy = uy = 0.0, yy =y, = 1.4. The interface is initially located at
xo = 0.5. After 100 time steps of computation, results given by the modified GFM are compared to the
analytical solution, and shown in Figs. 7(a)-(c) for the respective velocity, pressure and density. The
comparison is reasonably good.

Gas—water shock tube problem (problem 2): The initial high-pressure region is located on the gas side.
The initial flow parameters on both sides of the interface are py = 8000.0, pp = 1.0, py = 1.27, p, = 1.0,
ug = up = 0.0, yy = 1.4. Tait’s EOS is employed for the water. The interface is initially located at xy = 0.4.
After 100 time steps of computation, results obtained using the modified GFM are compared to the an-
alytical solution and shown in Figs. 8(a)-(c) for the respective velocity, pressure and density. The
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Fig. 8. (a) Velocity obtained with the modified GFM and comparison to the analytical solution for problem 2. (b) Pressure obtained
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comparison to the analytical solution for problem 2.

marginally very small oscillation discerned immediately behind the shock wave is well contained and which
also appears in the results of the MUSCL-based original GFM. In fact, results between the modified and
original GFM look identical in plots.

1D-plane explosion in water (problem 3): This problem is the example 4 given in [13]. Explosive with
JWL EOS is assumed to drive the water with the initial flow parameters of py = 7.81 x 10° Pa,
pL = 1.0 x 10° Pa, py = 1630 kg/m?, p; = 1000.0 kg/m?, uy = uy = 0.0 m/s. Tait’s EOS is used for the
water. The computational domain is [0,4m] with 201 uniform grid points. The interface is initially
located at xo = 2.0 m. After 100 time steps of computation, results obtained with the modified GFM
are compared to the analytical solution and shown in Figs. 9(a)-(c) for the respective velocity, pressure
and density. Again, there is very close similarity between the MUSCL-based modified and original
GFMs.
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4.2. Shock impacting on a gas—gas interface

Three situations as analysed in Section 2.3 will be simulated depending on the strength of incident shock
and material properties. The general initial condition is as given in (2.4).

Shock refraction with reflected rarefaction wave (problem 4): The strength of the incident shock is
pa/p1(= p4l) = 100.0. Other initial flow parameters are p; = 1.0, py, = 1.0, p,; = 0.1, u; = 0.0, y, = 1.6667,
1, = 1.4. The interface is initially located at x, = 0.2. The initial position of the incident shock front is also
assumed at xo; = 0.2. After 200 time steps of computation, results obtained with the MUSCL-based ori-
ginal GFM are compared to the analytical solution and shown in Figs. 10(a)—(c) for the respective velocity,
pressure and density. The corresponding results of the modified GFM are shown in Figs. 11(a)—(c). The
MUSCL-based original GFM, just as we have analysed in Section 2.3, performed very well for this problem



i = e

velocity
T

dent shock
41 N
e v
entro

shock wave, Nevi, we muu:a:»e the stren

wave to
MUSCL

1 py. Dis-
et srepancy nlﬁ" \teuama] location and transmltted
adere ym,‘ ated computed entropy, which leads to overestima

’ .,‘ii.zm 1 as show in Figs. 12(b) and (c), respectlvely
ng for the transmitted shmk during the shock--
ataric value cannot be provided via the local
o, O h.m to solve an exact or approximate Rie-
i'/i causzs the enclier formation of transmitted shock
vave has beqn restored to a normal shock wave

B U g

dopeg @ 1Y )
ransnoatys




T.G. Liu et al. | Journal of Computational Physics 190 (2003) 651-681 673

1.60E401 1.20E402

+  numerical
analytical

+  numerical
analytical

1.40E401 [=

1.00E402

1.20E401 |-

8.00E+01
1.00E401 |=

8.00E+00 [= 6.00E+01

velocity
pressure

6.00E+00 [~

4.00E+01

4.00E+00 [=

2.00E+01
2.00E400 [=

L L L L L L L L I, L L L L L L L L
0.00E+00 0.00E+00
( 0.00E+00 100E-01 200E-01 3.00E-01 4.00E-01 500E-01 6.00E-01 7.00E-01 B8.00E-01 9.00E-01 1.00E+00 000E+00 100E-01 200E-01 3.00E-01 400E-01 500E-01 600E-01 7.00E-01 8.00E-01 9.00E-01 1.00E+00

x (b) x

4.50E+00

4.00E+00

3.50E+00

3.00E+00

2.50E+00

density

2.00E+00

1.50E+00

1.00E+00

5.00E-01

0.00E400 1 1 1 1 1 1 1 1
000E+00 1.00E-01 200E-01 3.00E-01 400E-01 500E-01 6.00E-01 7.00E-01 B.O00E-01 9.00E-01 1.00E400

X

Fig. 11. (a) Velocity obtained with the modified GFM and comparison to the analytical solution for problem 4. (b) Pressure obtained
with the modified GFM and comparison to the analytical solution for problem 4. (¢) Density obtained with the modified GFM and
comparison to the analytical solution for problem 4.

subsequently when it propagates away from the interface, the error is distributed and transferred to me-
dium 2 through the boundary condition, leading to a widened rarefaction wave fan besides the inaccurate
shock position (Figs. 12(a) and (b)). Results of the modified GFM are shown in Figs. 13(a)—(c). All major
discrepancies appearing in Figs. 12(a)—(c) for the original GFM do not show up.

Shock refraction with reflected shock wave (problem 5 — Case 1): The initial flow conditions are similar to
Case 1 of Section 2.1. The initial position of incident shock is assumed to coincide with the interface lo-
cation (i.e., xo; = xo = 0.3.). After 350 time steps of computation, the results of modified GFM are shown in
Figs. 14(a)—(d). (The MUSCL-based original GFM results are shown in Figs. 2(a)—(d) with x¢, = 0.3 and
xo = 0.4 at 200 time steps.) With the increase or imposition of sufficiently large incident shock strength, the
results by the MUSCL-based original GFM become unacceptable. This lends supports to the earlier dis-
cussion that the inaccuracy manifested in Figs. 2(a)—(d) is inherent in the original GFM. As also discussed,
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Fig. 12. (a) Pressure obtained with the original GFM and comparison to the analytical solution for problem 4 with p41 = 1000.0. (b)
Density obtained with the original GFM and comparison to the analytical solution for problem 4 with p41 = 1000.0. (c) Entropy
obtained with the original GFM and comparison to the analytical solution for problem 4 with P41 = 1000.0.

the influence of material properties during the wave interaction with interface must be taken into account.
Primarily due to the isobaric fixing of the incorrect value, the inaccuracy of entropy in the interfacial region
is clearly exhibited in Fig. 2(d). All undesirable or incorrect features appearing in Figs. 2(a)—(d) do not
occur for the modified GFM (Figs. 14(a)—(d)).

Shock refraction with critical condition (problem 6 — Case 2): The initial condition for this computation is
identical to that for Case 2 in Section 2.1. Results obtained using the MUSCL-based original GFM are
given in Figs. 3(a)—(c). After 200 time steps of computation, the results of modified GFM are shown in Figs.
15(a)-(c). As observed, the transmitted shock can be captured very well under such (critical) situation.
However, a non-physical shock refraction cannot be avoided by either GFM, since the solution is calcu-
lated essentially in the single medium flow, which leads to the violation of critical condition (2.5¢). Since the
isobaric value is predicted correctly and the ghost fluid status is replaced by predicted interfacial status, the
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Fig. 14. (a) Velocity obtained with the modified GFM and comparison to the analytical solution for problem 5 (Case 1). (b) Pressure
obtained with the modified GFM and comparison to the analytical solution for problem 5 (Case 1). (c) Density obtained with the
modified GFM and comparison to the analytical solution for problem 5 (Case 1). (d) Entropy obtained with the modified GFM and
comparison to the analytical solution for problem 5 (Case 1).

higher than the incident shock pressure. Such a great sudden increase usually spells potential problem. The
MUSCL-based original GFM with isentropic fixing for both the gas and water media breaks down after a few
time steps of computation. The modified GFM works well and concurs with the analytical solution. It may be
added that an even higher incident shock strength was computed and there is good agreement with analysis.

Shock refraction with reflected rarefaction wave (problem 8 — Case 4): This situation occurs for an un-
derwater shock refracting at a free (gas—water) surface. The initial conditions are the same as Case 4 of
Section 2.1. The interface is initially located at xo = 0.7. The initial position of incident shock is also as-
sumed to be at xo; = 0.7. After 150 time steps of computation, results obtained with the modified GFM are
shown in Figs. 17(a)—(c) for the respective velocity, pressure and density. It is observed that a relatively very
weak transmitted shock propagates in the gas and yet is successfully captured by the scheme. The pressure
behind the transmitted shock wave is about 1.55 or about 700.0 times lower than the incident shock
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pressure. Such a great sudden decrease causes difficulty for the MUSCL-based original GFM using only
isentropic fixing. In fact, the MUSCL-based original GFM either breaks down for this kind of problems or
provides unacceptable solution in the water region. (In [13], to avoid this difficulty for the gas—water
problem, internal energy fixing is suggested for the water medium.) The modified GFM with isentropic
fixing applied for both media works well and the results concur with analysis.

4.4. 2D applications
The intent of this section is to show the applicability of the extension of the modified GFM to higher

dimensions. Generally, the results obtained are comparable to previous works and able to capture all the
important features successfully.
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modified GFM and comparison to the analytical solution for problem 8 (Case 4).

obtained with the modified GFM and comparison to the analytical solution for problem 8 (Case 4). (c) Density obtained with the

directions. CFL is taken to be 0.45. The re-initialisation of level-set function is carried out once every 10
steps. Fairly complex physics occur in this model. In the earlier stage, the shock refraction on the bubble
surface is regular initially but transits into an irregular type after the incident shock past over a critical
angle [10,22]. The detailed physical analysis can be found in [22] especially for the earlier stage. Figs. 19(a)

and (b) show the typical density contours at the respective 100 and 200 time-step computation. All the main
features of the flow are successfully captured and comparable to [22].

5. Conclusions

In this paper, a modified GFM was developed to overcome the difficulties encountered by the original
GFM as applied to a strong shock impacting on a material interface. The plausible causes for the
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